We study a quantum spin system on the d-dimensional hypercubic lattice Λ with N sites with translation invariant short-ranged Hamiltonian under periodic boundary conditions. For this model, we consider both the canonical ensemble with inverse temperature β 0 and the microcanonical ensemble with the corresponding energy U N (β 0 ). Take an arbitrary self-adjoint operatorÂ whose support is contained in a hypercubic block B inside Λ. When β 0 is sufficiently small, we prove that the expectation values (with respect to these two ensembles) ofÂ are close to each other provided that the number of sites in B is o(N 1/2 ) and N is large. This establishes the equivalence of ensembles on the level of local states in a large but finite system.
Introduction
In statistical mechanics the "equivalence of ensembles" stands for a statement that different equilibrium ensembles, e.g., the canonical and the microcanonical ensembles, for the same macroscopic system lead to the same predictions.
2 As a celebrated example, it is known for a very general class of models that the free energy density and the entropy density (in their infinite volume limits) are related with each other via the Legendre transformation [1] . See (6) and (7) below. This is true even at phase transition points or in phase coexistence regions. This relation illustrates a deep connection between statistical mechanics and thermodynamics, and touches the essence of equilibrium physics.
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One can also discuss the equivalence on the level of expectation values (or states), i.e., one considers the canonical and the microcanonical ensembles of the same macroscopic system and ask if the respective expectation values Â can and Â mc of an observablê A coincide (or are close). 4 It was indeed shown that, in the limit where the size of the whole system becomes infinite, the expectation values of any local operators precisely coincide, under the essential assumption that the system has a unique infinite volume equilibrium state. This was proved for classical particle system by Gerogii [3] , and for quantum spin systems by Mueller, Adlam, Masanes, and Wiebe [4] . There is also a Japanese textbook by Araki [5] which contains a proof for classical spin systems. It is likely that the assumption of unique equilibrium state is essential rather than technical. The equivalence of ensemble on the level of states seems to be not as straightforward as that on the level of thermodynamic functions.
More recently Brandao and Cramer [6] formulated and solved the finite volume version of the problem. They considered a large but finite system with N sites, and showed that the expectation values Â can and Â mc are close to each other for operator A whose support is contained in a smaller block with o(N 1/(d+1) ) sites. Again the proof is based on an essential assumption that any truncated two-point correlation function exhibit exponential decay. In fact Brandao and Cramer solved much more general problem of comparing different states on a large but finite lattice, and above mentioned equivalence of the canonical and the microcanonical ensembles is one application.
In the present note, we shall rederive the result of Brandao and Cramer, restricting our selves only to the equivalence of the canonical and the microcanonical ensembles. By concentrating on translation invariant quantum spin systems with periodic boundary conditions, we can improve the estimate. In our case the small block may contain o(N 1/2 ) sites, and the energy width of the microcanonical ensemble can be anything larger than O(N 0 ). While the proof of Brandao and Cramer is based on modern techniques of quantum information, ours is quite elementary. The basic strategy here is to make full use of detailed information about the free energy (the Massieu function) obtained by the cluster expansion method, as well as the decay properties of correlation functions.
Setting
Consider a quantum spin system on the d-dimensional L × · · · × L hypercubic lattice Λ with periodic boundary conditions. The choice of boundary conditions is essential. See section 7. We denote by N = L d the number of sites in the lattice. For any x, y ∈ Λ, we denote by dist(x, y) the graph-theoretic distance between x and y. For any subsets X, Y ⊂ Λ, we define their distance as dist(X, Y ) := min x∈X,y∈Y dist(x, y).
We consider a quantum spin system with spin S ∈ {1/2, 1, 3/2, . . .} on Λ. To be precise we associate with each site x ∈ Λ a finite dimensional Hilbert space H x ∼ = C 2S+1 . The total Hilbert space is H N = x∈Λ H x ∼ = C (2S+1) N . For any operatorÂ on H N , let Â be the standard operator norm, and suppÂ ⊂ Λ be its support. LetĤ
be the Hamiltonian, which we assume to be translation invariant. The local Hamiltonianĥ x is independent of the size N, and has a finite support. We denote by |j the normalized j-th energy eigenstate, i.e.,Ĥ N |j = E j |j with j = 1, . . . , Γ N := (2S + 1)
N . We let the number of states Ω N (U) be the number of j such that E j ≤ U. It is known rigorously in general that the limit
exists and is concave in u. The function σ(u) is the entropy density.
We define the Massieu function 5 by
where
is the partition function. It is known rigorously in general that the limit
exists, and is convex in β. It is known, again rigorously in general, that the Massieu function and the entropy density are related by the Legendre transformation as
and
This correspondence is the celebrated equivalence of ensembles in terms of thermodynamic functions. For any operatorÂ on H N , we define its canonical average as
and its microcanonical average as
. For the energy width ∆ N , we only require that ∆ N ≥ δ, where δ > 0 is an arbitrary constant that we shall fix throughout the present note. This means that our equivalence theorem is valid for the non-standard version of microcanonical average (with a huge ∆ N ) defined by
We believe that this mild restriction to the energy width ∆ N is physically natural. See section 8.
Main result and assumptions
Let us fix an inverse temperature β 0 . We define the energy U N (β 0 ) which corresponds to β 0 as the energy U that maximizes D N (U, δ)e −βU . More precisely, we only examine the values of U which are integer multiples of δ, and define
Recall that δ is fixed to an arbitrary positive value throughout the present note. For ℓ ≤ L/4, we take a d-dimensional ℓ × · · · ℓ hypercubic lattice B within Λ. We denote the number of sites in the block B as n = ℓ d . We can now state the main result of the present note.
Theorem: Suppose that the following assumptions I and II are valid. There exist a positive constant 7 C and a positive function 8 N 0 (ε) of ε ∈ (0, 1/2) which diverges as 6 We need not to assume that the maximizer is unique. 7 In the present note, a constant may depend on the dimension d, the Hamiltonian, the fixed inverse temperature β 0 , and the fixed minimum width δ, but not on the operators, or the sizes N , n.
8 N 0 (ε) may depend on d, the Hamiltonian, β 0 , and δ, but not on the operators, or the sizes N , n. ε ↓ 0. Take an arbitrary self-adjoint operatorÂ whose support is contained in the block B. Then for any ε ∈ (0, 1/2) and n, we have
for arbitrary N such that N ≥ N 0 (ε).
The theorem states that, whenever n/N (1/2)−ε is sufficiently small, the canonical and the microcanonical expectation values almost coincide. This is essentially the theorem of Brandao and Cramer [6] for the equivalence of ensembles in terms of local states within a finite volume. The simplest limit is to fix n = ℓ d and let N = L d tend to infinity. But one can take limits in which both n and N grow while n/N (1/2)−ε converging to zero. It is well-known that, for β 0 satisfying Assumption I, one has
for any local self-adjoint operator (i.e., a self-adjoint operator on H N for sufficiently large N), where ρ KMS [·] is the unique infinite volume equilibrium state (called the KMS state) at β 0 [7, 8] . Thus, as a trivial corollary of the theorem, we have the following infinite volume version [3, 4] of the equivalence theorem.
Corollary: Under the same conditions as the above theorem, we have
for any local self-adjoint operatorÂ.
Assumptions Let us state the two assumptions required for the theorem. We note that both the assumptions have been proved for an arbitrary model in any dimension d, provided that β 0 is sufficiently small 10 . The proofs are based on the cluster expansion method. See, e.g., [9, 10, 11] . We suspect that both the assumptions can be verified for any β 0 ∈ (0, ∞) for d = 1 by using "classical" works on quantum spin chains such as [12] , but we have not checked the details.
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Assumption I : There are positive constants C 1 and ξ. For any N and arbitrary selfadjoint operatorsÂ andB on H N , one has 9 We note that our version is weaker in some aspects. For example we can only treat the microcanonical ensemble with the energy U N (β 0 ) while Brandao and Cramer allow small changes in the energy. This is a technical limitation of our elementary proof. 10 Unfortunately it is not easy to locate references where the exact statements are stated. But all the properties have been (at least implicitly) proved, e.g., in [10, 11] .
11 Eq. (8.56) of [12] establishes the desired exponential decay with better constant than in (15), but for the infinite system. 
Assumption II : There are β 1 and β 2 such that β 1 < β 0 < β 2 , and the following two properties are valid. There is a positive constant C 2 , and one has
for any β ∈ [β 1 , β 2 ] and N. The Massieu function ϕ(β) is twice continuously differentiable, and satisfies ϕ
Assumption I states that any two-point truncated correlation function exhibits an exponential decay. This property is expected to be valid for any temperatures higher than the critical point, but a general proof is still lacking. When β 0 is sufficiently small, it can be proved rigorously by using the cluster expansion technique. See, e.g., Theorem 3.2 of [11] .
The first statement of Assumption II concerns the speed of convergence to the infinite volume limit of the Massieu function. Indeed it can be proved easily by using standard methods in rigorous statistical mechanics [1, 9] that
for any β, with K(β) < ∞. Since N = L d , this guarantees (17) only for d = 1. If we restrict ourselves to sufficiently small β, then the cluster expansion technique allows us to establish the very rapid convergence
for any d, with γ(β) > 0 and K ′ (β) < ∞. This is certainly more than enough to justify (17). We note that this rapid convergence is provable (and valid) only for models with periodic boundary conditions. With other boundary conditions, the difference |ϕ N (β) − ϕ(β)| is expected to be of the order of 1/L in general.
The second statement of Assumption II basically states that the model has a positive specific heat. The statement has been proved by using the cluster expansion technique when β is sufficiently small. Indeed it has been shown that ϕ(β) is analytic for small |β|.
Lemmas and the proof of Theorem
Let us state two essential lemmas, and prove the theorem.
We shall make M copies B 1 , . . . , B M of the block B, and embed them into Λ in such a manner that dist(B i , B j ) ≥ ℓ holds for any i = j. One can take M so as to satisfy
where [x] is the largest integer that does not exceed x, and we used ℓ ≤ L/4 to get the final lower bound. Take an arbitrary self-adjoint operatorÂ with suppÂ ⊂ B, and letÂ i be the exact copy ofÂ whose support is contained in B i .
Lemma I : Under Assumption I, there is a constant C 3 , and we have
for any N, n, and M.
Lemma II : Under Assumption II, there exists a positive constant C 4 . For an arbitrary non-negative operatorĈ on Λ, we have
for arbitrary N such that N ≥ N 0 (ε), provided that ∆ N ≥ δ.
Let us prove Theorem by assuming Lemmas I and II. By combining (22) and (21), one finds
where we used (20). Next note that, for any self-adjoint operatorX and a ∈ R, one has
where · · · denotes an arbitrary average. By using this (trivial) inequality and the translation invariance, we find that the left-hand side of (23) is bounded from below by ( Â can
Thus the desired bound (12) has been proved. 
which means that the fluctuation ofÂ N in the canonical ensemble is of O(N −1/2 ). Noting that {X − X } 2 ≤ {X − ( X + a)} 2 , where we used the same notation as in (24), we find
This implies that
i.e., the fluctuation ofÂ N in the microcanonical ensemble vanishes in the thermodynamic limit.
Proof of Lemma I
The proof is straightforward. Note first that
(28) We shall show for each i that
which implies (21).
As for the term in the left-hand side of (29) with i = j, we simply use the bound
For terms with i = j, we use the assumption (15) to see
The sum over j in (29) converges because of the exponential decay. Although the sum depends on the choice of n = ℓ d , it converges to 0 as n ↑ ∞. We can thus choose C 3 to be independent of n.
Proof of Lemma II
Let us define the energy density u 0 which corresponds to the fixed inverse temperature β 0 by
where we noted that ϕ(β) is differentiable at β = β 0 because of Assumption II. Then one finds, from (6) , that
and, from (7), that β 0 = σ ′ (u 0 ). It can be also shown that the N-dependent energy
but, rather interestingly, we do not make use of this property in the following proof. We first observe, by using the definitions (9) and (8), that
where we used ∆ N ≥ δ to get the final inequality. We shall show below that
for any N such that N ≥ N 0 (ε). This implies the desired (22). We note that the bound (35) with the right-hand side replaced by (const.) N is well-known and easily proved.
14 It was essential for the present poof to reduce the power of N. We believe the power can never be less than 1/2.
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14 One simply applies the idea in (44) to Z n (β 0 ). 15 To see this we examine the standard heuristic estimate of the partition function. Let us approximate the sum by an integral as
Fir u 0 defined in (31), one can easily show (see below) for any ∆u > 0 the standard large-deviation type upper bound
whereP [· · · ] is the orthogonal projection onto the specified subspace, and the large deviation function ψ(x) is given by
Because, by Assumption II, the Massieu function ϕ(β) is twice continuously differentiable and strictly convex in [β 1 , β 2 ], its Legendre transform σ(u) is strictly concave and twice continuously differentiable in a finite open interval containing u 0 . Then the large deviation function ψ(x) is of course strictly convex and twice continuously differentiable in the same interval. Noting that ψ(0) = 0 and ψ ′ (0) = 0 because σ ′ (u 0 ) = β 0 , we see that there are positive constants α, x 0 , and ψ(x) ≥ α x 2 for any x ∈ (−x 0 , x 0 ). Let us now choose
and suppose that N is large enough so that ∆u < x 0 . Then (36) implies
We now choose the function N 0 (ε) so that (already mentioned) ∆u < x 0 and
hold for any N such that N ≥ N 0 (ε). Note that N 0 (ε) grows as N 0 (ε) ∼ (const.) 1/ε as ε ↓ 0.
We now defineZ
and observe that, for N ≥ N 0 (ε),
which implies
Then note by definition that
where we used the definition (11) of U N (β 0 ). This, with (43), implies the desired bound (35).
Finally we prove the large-deviation type upper bound (36) for completeness. Note that for any λ > 0 one has
where we used (17) to get the final expression. We now observe, by writing λ
where we used (6) and (32). By substituting this back into (45), we get
with ψ(x) defined in (37).
in a similar manner, we get (36).
Extensions
Non-local operators In the main theorem, we considered an operatorÂ whose support is contained in the block B. It is clear from the proof, however, that the locality is not essential for our argument. What is really important is the possibility to make M translational copies ofÂ in such a manner that the supports are sufficiently far away from each other. We can therefore treat non-localÂ by the same method provided that its support is small enough so that we can distribute many copies over the lattice. As a typical example, take self-adjoint operatorsâ x andb y , which acts strictly on the local Hilbert space H x and H y , respectively, and setÂ =â xby . Although this operator is not covered by the main theorem (unless x and y are contained in a single block), one can repeat the proof by considering the translationâ x+z ib y+z i with i = 1, . . . , M, requiring that support do not overlap (i.e., 2M sites x + z 1 , y + z 1 , x + z 2 , . . . , y + z M are all distinct). In this case one can choose M ∝ N, and get the following extension of the main theorem.
Proposition: Under the same assumption as the main theorem, there exists a constant C. For any strictly local self-adjoint operatorsâ x ,b y , and ε ∈ (0, 1/2), we have
for arbitrary N such that N ≥ N 0 (ε). There are no restrictions on the location of the sits x, y ∈ Λ.
Recall that we can prove the theorem (and the proposition) only when the truncated canonical correlation function â xby
decays exponentially in the distance dist(x, y). Note, however, that the bound (48) does not imply the exponential decay of the corresponding truncated microcanonical correlation function because, on the right-hand side, there is a small but nonzero term which does not depend on x or y. It is likely that this reflects the property of the microcanonical ensemble that some local operators have small uniform correlation. See section 8.
Other boundary conditions We can extend our method to the same short-range translation invariant models with boundary conditions other than the periodic boundary conditions, e.g., the free boundary conditions. It is known that the thermodynamic functions ϕ(β) and σ(u) in the infinite volume limit are unchanged.
In such a case, however, expectation values (for a finite N) is no longer exactly translation invariant because of various boundary effects. Thus the left-hand side of the main bound (12) should be replaced by the average over the M blocks (as is done in [6] ).
The assumptions necessary for the proof are again provable using the cluster expansion technique, except for (17) about the rapid convergence of the Massieu function. As we mentioned already such a convergence is never expected except for the periodic boundary conditions, and we must proceed with the slower convergence as in (18). In this case, 2C 2 in (40) is replaced by (const.) N (d−1)/d , and we are forced to take
which leads to weaker bounds.
Discussion
On the energy width of the microcanonical distribution Our equivalence theorem works whenever the width ∆ N of the microcanonical ensemble satisfies ∆ N ≥ δ. Since δ is an arbitrary (fixed) constant, the only requirement is that the width is of O(N 0 ) or larger. Although this may appear puzzling if one notes that the energy fluctuation in the canonical distribution is O( √ N ), we argue that this mild restriction is physically natural.
First let us reexamine the equivalence of ensembles in terms of thermodynamic functions, which is summarized in (6) and (7) . In order to express this equivalence it is only necessary (on the side of the microcanonical ensemble) to define the entropy density σ(u). In fact it is easily proved that (by assuming that σ(u) is increasing around u 0 )
for any δ > 0. This is because, no matter how small δ is, there are exponentially many energy eigenstates in the energy interval (u 0 N − δ, u 0 N]. This is no longer true if the width ∆ N is of order V η with η < 1. In this sense, ∆ N ≥ O(N 0 ) is an optimal condition. Next let us point out that the "effective energy width", i.e., the fluctuation of the energy in the microcanonical ensemble is always of O(N 0 ), no matter how large ∆ N is. This reflects the existence of the sharp cutoff in the upper limit of the energy in the microcanonical distribution.
To see this we write (50) (heuristically) as When ∆ N is smaller than the natural width k B T 0 , the effective width coincides with the apparent width ∆ N . One might then suspect that this implies that the width should be chosen so that ∆ N k B T 0 , but our theorem shows that this is unnecessary.
Weak uniform correlation in the microcanonical ensemble In section 7, we suggested that a truncated microcanonical correlation function may not exhibit complete exponential decay even when the canonical counterpart does.
To 
Since the left-hand side is always O(1) as we discussed above, we find that 
for x such that dist(o, x) ≫ ξ. In other words there is a uniform negative correlation of O(N −1 ). One can easily make the above observation a rigorous statement for a non-interacting system (whereĥ x acts only on H x ).
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